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1. Introduction 

The use of natural gas is increasing along with its growing popularity and availability. Natural 

gas is seen as a “bridge” fuel during a transitory replacement of coal and oil on the way to a 

zero emissions future [1]. The accessibility of natural gas is increasing through the exploitation 

of new gas sources and the steadily growing market of liquefied natural gas (LNG), which 

makes it possible to deliver natural gas to new sites and to decrease the dependency on other 

fuels. The use of biogas, a fuel produced through anaerobic digestion of waste, is particularly 

environmental friendly compared to the classical fossil fuels [2], and its growing popularity in 

the transportation sector or as a fuel in the heat and power production also places increased 

demands on the gas network infrastructure. In 2015 the natural gas consumption in the 

European Union was close to 17 EJ [3], and the consumption is expected to grow especially in 

the transportation and the power sectors [4].  Natural gas is supplied by pipelines [5], and the 

interaction between the supply from various gas sources and the demand at numerous sites is 

very complex, partly due to variations of the demand caused by changes in availability, price 

or seasonal temperature fluctuations. The varying demand is illustrated in Fig. 1, which depicts 

the domestic consumption of natural gas in EU 28 during the months of the years 2013-15. 

The design and efficient operation of such complex networks require a thorough analysis of the 

whole system and a careful decision-making process. Simulation and optimization are 

important tools in the assessment of current and future gas distribution systems. 

Gas pipeline supply problem have been studied for decades. The numerical methods used to 

find the best solutions of the gas transmission problems can be characterized as deterministic 

or stochastic, where the choice of algorithm depends to a large extent on the problem 

formulation. The task can be written as a linear problem, which can be solved by algorithms 

giving a global optimum solution, but the accuracy of the model may be insufficient and the 

approach is limited to fixed networks. On the other hand, a mixed integer nonlinear 

programming (MINLP) formulation can consider both nonlinearities and structural changes of 

the gas transmission system, but the mathematical complexity is higher and the solution is 

computationally demanding. Therefore, the features of the network structure and components, 

as well as the mathematical formulation should be carefully taken into consideration before the 

numerical tool for tackling the problem is selected [6]. Large computational demands are also 

the reason for the prevalence of nonlinear programming (NLP) formulations in the early works 

on the topic. 



The gas transmission problem is often posed as a cost minimization problem. De Wolf and 

Smeers suggested to separate the solution of the optimal dimensioning of a gas transmission 

network into two stages [7] and proposed an extended simplex algorithm using piecewise 

linearization applied to the cost minimization problem [8]. Bakhouya and de Wolf studied the 

natural gas distribution problem formulated by de Wolf and Smeers, but also considered 

changes in the gas market by separating the gas buying and transportation functions [9]. Borraz-

Sanchéz and Haugland tackled the problem by minimizing fuel cost in gas transmission 

networks with the help of dynamic programming [10], and later complemented the work by 

studying the influence of gas density and compressibility on the gas flow [11]. A minimization 

of the compressor fuel consumption was also studied by Möller et al. [12], who developed sub-

polyhedra to connect the piecewise linearization used in a mixed integer linear programming 

(MILP) approach. Recently, multi-objective MILP formulations have been applied for gas 

network design: Alves et al. [13] used this approach to minimize the gas transportation cost 

while maximizing the gas flow. An MINLP formulation may be applied to more accurately 

consider the nonlinear parts of the problem. A problem addressing the consumption of the fuel 

in the compressor stations was formulated as an MINLP problem by Cobos-Zaletta and Ríos-

Mercado [14]. However, the possibility of switching the gas flow direction was not considered 

by these investigators.  

The complexity of the nonlinear formulation led several authors to use meta-heuristic 

approaches. Borraz-Sánchez and Ríos-Mercado suggested a tabu search in the solution of the 

gas transportation problem [15]. The use of genetic algorithms (GA), another meta-heuristic 

search method, was described by Alinia Kashani and Molaei [16], who addressed the multi-

objective problem of minimizing the operation cost and CO2 emissions while maximizing the 

gas flow. In order to cover the discrepancies between the model assumptions and reality, 

MohamadiBaghmolaei et al. [17] proposed a GA incorporating a neural network to solve a 

problem based on experimental data. The stochastic network behaviour was studied by Zavala 

[18], who concluded that a stochastic model can be used to manage the gas network under 

uncertainties in the system. This, however, is a very demanding task computationally as the 

model incorporates multiple nonlinear equations. Simulation was used as a tool to solve a 

system with a stochastic demand in the pipeline network by Fasihizadeh et al. [19]. Another 

simulation tool, GassOpt, developed by the SINTEF group, was used to simulate the gas flow 

considering aspects such as gas quality and gas mixing [20]. A simulation approach was also 

adopted by Szoplik, who used the GasNet software to simulate the pressures and gas flows in 



an existing pipeline network and to study their relationship [21]. Even process control models, 

for example Nonlinear Model Predictive Control, described by Gopalakrishnan and Biegler 

[22], have been applied to minimize the operational costs in the compressors. The cost 

optimization is closely related to the recent formulations of the gas transportation optimization 

as a gas trade problem. Lochner [23] studied changes in the network structure caused by 

bottlenecks in the gas transportation and by congestion cost. Fügenschuh et al. [24] described 

the influence of the gas market liberalisation on the optimal network structure and suggested a 

problem solution. 

To summarize, the problem of gas distribution network optimization has been studied by many 

investigators and has traditionally been tackled by deterministic mathematical models in 

solving simplified problems or by employing meta-heuristic approaches within simulation tools 

solving complex MINLP problems. It is, however, obvious that a rigorous multi-variable 

optimization cannot be carried out efficiently by “manual” simulation approaches. 

The present paper describes a nonlinear MINLP model [25] and its linearization to an MILP 

problem, which is more easily solved but yet describes all essential aspects of the gas pipeline 

transportation. The model provides information about the gas flow and pressures, gas 

compression and about the effects of price and seasonal variations on the efficient operation of 

the network. Furthermore, it considers possible structural changes in the network, connecting 

new supply or demand points, and also allows for alternation of the flow direction during 

different time periods in a multi-period problem formulation. These features make the model a 

useful tool for assessing the operation of existing systems and for scenario analyses of future 

gas networks with optional extensions of the pipelines to new consumers, or new points of 

injection of biogas or regasified LNG.  

The paper is structured as follows: Section 2 introduces the reasoning and the main assumptions 

concerning the mathematical model, the MINLP model as well as the resulting linearized MILP 

model with its economic objective function. The software used to solve the problem is also 

shortly described. Section 3 presents a case study, where the influence of different linearization 

approaches is analysed and some results are presented. It also presents an application of the 

MILP model to optimal design of the future gas transportation network in Finland under 



different market conditions. The fourth and final section presents conclusions and suggests 

some objectives for future work. 

2. Mathematical model of the gas network 

A model for structural optimization of gas transportation in steady state in pipelines has been 

developed for the analysis of efficient transportation alternatives and for evaluating the 

feasibility of injecting regasified LNG or biogas in the pipeline, as well as to study the 

economics of possible extensions of the network to new sites [25]. The multi-period 

optimization model can be used both for short-term operation optimization and long-term 

planning of structural changes in the network. The model provides information about the mass 

flow rates (allowing for switching of the gas flow directions and changing the supply routes), 

pressures in the nodes and the compression in the compressing steps. The optimization is based 

on a mixed integer nonlinear programming formulation of the arising equations, holding 

continuous, integer and binary variables as well as linear and nonlinear constraints. The 

nonlinearities in the model occur in the pressure-drop equations and in the equations describing 

the compressor operation, which complicate the solution of the problem and increase the 

computational effort.  

The solution of MINLP problems is not straightforward and the quality of the solution depends 

on the solver. Many solvers can guarantee a globally optimal solution for general convex 

MINLP problems, for instance AIMMS Outer Approximation (AOA) [26] or AlphaECP [27]. 

However, these solvers cannot guarantee a global optimum for non-convex MINLP problems 

[28], which, e.g., BARON [29] or ANTIGONE [30] can, but the computational work may 

become prohibitive.  

To address the above problems and to reduce the computational complexity, an alternative is to 

identify and linearize all the nonlinear terms of the model. The present paper describes the steps 

in converting the MINLP formulation of the gas transportation problem into a MILP problem. 

The linearization makes it possible to tackle the computational task more efficiently, which 

facilitates the application of the model to larger systems with more optional decisions. 

Moreover, the presented MILP re-formulation yields a global optimum in the solution of the 



MINLP gas transportation problem.  In the following subsection, the model equations are 

outlined, with specific focus on the linearization of the nonlinear terms. 

2.1 Basic assumptions 

The nonlinear model of the natural gas transmission pipeline network [25] is based on some 

fundamental assumptions as illustrated in the schematic of Fig. 2. The model considers the 

transportation of an ideal gas in steady state in the system as a flow between nodes 𝑖, 𝑗 ∈ 𝐼 for 

a set of time periods 𝑒 ∈ 𝐸.  The connection of the nodes can be provided by pipes of different 

lengths li,j and types, 𝑟 ∈ 𝑅, where the types refer to pipes of different (inner) diameter. 

Connections between nodes can be single or parallel. The flow in each time period is 

unidirectional, but the direction may vary between the periods. The gas may be injected into 

the network in certain supply nodes. It is then transported from the supply points along the 

network to some of the nodes that are the demand points. The pressure gradient is the driving 

force of the gas flow in the pipeline. Compressors maintaining the desired pressure level are 

placed along the pipeline at fixed positions. At each compressor a suction (𝑖 ∈ 𝐼suc) and a 

discharge node (𝑖 ∈ 𝐼dis) are introduced, and connected in a way allowing for flow in both 

directions. After the compression the gas leaving the compressor discharge is assumed to be 

cooled to the ambient temperature, 𝑇amb, and the gas in the pipeline maintains this temperature. 

In describing the flow in the pipe, all the nodes representing intermediate points can serve as 

both gas sending and receiving points. However, the suction point in the compressor is 

exclusively a receiving point while the discharge node only sends the compressed gas further 

to the network. Elevation changes of the pipeline are neglected due to the topology of the area 

studied in the presented work. 

The energy requirement in the demand nodes must be satisfied by the supply of gas, of an 

alternative fuel, or by a combination of both. The network can be extended to new demand 

nodes, but only if this is economically feasible. An overall cost function, considering fuel 

commissioning costs, pipeline operating costs and investment costs, is used as the objective 

function to be minimized (cf. Eq. (23)).  

2.2 Linear equations 

The nonlinear model [25] has a set of linear equations, which can be used as such in solving the 

MILP problem. The most important linear equations and variables are treated in this subsection 

to provide basic information about the model.  



The existence of a pipe of type r connecting two nodes i and j is specified by a binary variable 

𝑦𝑖,𝑗,𝑟. In case there is an established pipeline connection, the variable value is set to unity by a 

constraint. The mass flow direction is determined by two binary variables 𝑎𝑖,𝑗,𝑟,𝑒 and 𝑏𝑖,𝑗,𝑟,𝑒 

bound by a constraint that states that only one flow direction is possible in a pipe during a period  

 𝑎𝑖,𝑗,𝑟,𝑒 + 𝑏𝑖,𝑗,𝑟,𝑒 ≤ 𝑦𝑖,𝑗,𝑟       ∀𝑖, 𝑗 ∈ 𝐼, ∀𝑟 ∈ 𝑅, ∀𝑒 ∈ 𝐸 |  𝑖 ≠ 𝑗           (1)   

The mass flow rate 𝑚𝑖,𝑗,𝑟,𝑒 of the gas in a pipe and its direction are directly connected to the 

pipe existence, so 

𝑚𝑖,𝑗,𝑟,𝑒 ≤ 𝑀 ∙ (𝑎𝑖,𝑗,𝑟,𝑒 + 𝑏𝑗,𝑖,𝑟,𝑒)        ∀𝑖, 𝑗 ∈ 𝐼, ∀𝑟 ∈ 𝑅, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗    (2)   

where M stands for a sufficiently large positive constant (“big M” formulation).  

The mass balance for node i considers the flows into and out from the node in the network, the 

supply Si of the natural gas to the network at the node or the output Oi of gas to the customer at 

the node                                                                                   

∑ 𝑚𝑗,𝑖,𝑒
tot

𝑗∈𝐼 | 𝑗≠𝑖 + 𝑆𝑖,𝑒 = ∑ 𝑚𝑖,𝑗,𝑒
tot

𝑗∈𝐼 | 𝑗≠𝑖 + 𝑂𝑖,𝑒       ∀𝑖 ∈ 𝐼, ∀𝑒 ∈ 𝐸  (3)     

The supply is restricted by a maximum capacity of the supply node, which is the maximum rate 

of gas injection from an external network, an LNG regasification unit or a biogas supply unit 

𝑆𝑖,𝑒
NG ≤ 𝑆𝑖

NG,max     ∀𝑖 ∈ 𝐼, ∀𝑒 ∈ 𝐸           (4) 

The nodal energy demand Di,e  has to be satisfied either by natural gas or by an alternative fuel, 

or a combination of these  

𝑂𝑖,𝑒 ∙ 𝐻NG + 𝑚𝑖,𝑒
alt ∙ 𝐻alt ≥ 𝐷𝑖,𝑒      ∀𝑖 ∈ 𝐼, ∀𝑒 ∈ 𝐸  (5) 

where H denotes the heating value of the fuel. Furthermore, the model ensures that the natural 

gas is supplied to the consumer within permitted pressure limits that can guarantee a safe 

transportation of the gas in the pipeline and a reliable operation of the compressor stations, as 

well as at pressure levels meeting the demands of the customer (e.g., for gas turbines).  

As the model contains a large number of continuous and binary variables, and the variable set 

grows further along with the linearization (cf. subsection 2.3), some countermeasures were 

taken. For instance, an upper limit of the length of potential new pipeline connections was 

imposed. As for the use of parallel pipes, networks including smaller number of parallel pipes 

of larger diameter are to be favored over a larger number of parallel pipes of smaller diameter. 

For this reason, an upper limit on the number of parallel pipes was imposed. 



2.3 Linearization of the nonlinear equations 

Because a gas that flows in a pipe experiences a pressure drop, an adequate pressure gradient 

between the sending and receiving nodes in the network is needed. If the gas flows from node 

i to node j, the pressure equation is   

𝑝𝑗
2 = 𝑝𝑖

2 − 𝑝𝑖 ∙ 𝜁 ∙
𝑙𝑖,𝑗

𝑑
∙ 𝜌𝑖 ∙ (

𝑚𝑖,𝑗
1

4
∙𝜌𝑖∙𝜋∙𝑑2

)

2

           (6) 

where the pipe diameter and length is 𝑑 and 𝑙𝑖𝑗, respectively, and the gas density can be given 

by the ideal gas law 

𝜌𝑖 =
𝑝𝑖∙�̅�

𝑅𝑔∙𝑇
                      (7) 

where �̅� is the average molar mass of natural gas and 𝑅𝑔 is the universal gas constant. The 

friction factor 𝜁 can be expressed by the Haaland equation 

𝜁 = 1,8 ∙ log10 (
𝜀
𝑑

3.7

+
6.9

Re
) (8) 

which is a simplification of the implicit Colebrook-White equation. Here, 𝜀 is the pipe 

roughness and the Reynolds number is  

Re =
4𝑚𝑖,𝑗

𝜋∙𝑑∙𝜇
  (9) 

where 𝜇 is the dynamic viscosity. 

2.3.1 Pressure linearization 

The influence of the mass flow and the input pressure on the pressure drop, and therefore also 

on the resulting pressure at the end point, is illustrated in Fig. 3, where the contours are 

expressed in kPa for a system with a pipe of length of 100 km. The pressure drop in a pipe of a 

smaller diameter (Fig. 3a) is seen to be stronger and more nonlinear than in a pipe of larger 

diameter (cf. Fig. 3b). 

 

  

To consider the direction of the flow in the pipe for the general case, the binary variables of Eq. 

(1) can be applied. As only one of them can be active at a time, the active one is applied to 

tighten the bounds for the pressure in one direction, while the inactive one relaxes the remaining 

equations that determine the pressure level for the other direction. Their combination in a set of 

equations forces the gas to flow from the node with a higher pressure to the node with a lower 



pressure. Considering the specific pipe diameters and the time period, the general pressure 

expressions are thus 

𝑝𝑗,𝑒
2 ≤ 𝑝𝑖,𝑒

2 − 𝑝𝑖,𝑒 ∙ 𝜁 ∙
𝑙𝑖,𝑗

𝑑𝑟
∙ 𝜌𝑖,𝑒 ∙ (

𝑚𝑖,𝑗,𝑟,𝑒
1

4
∙𝜌𝑖,𝑒∙𝜋∙𝑑𝑟

2
)

2

 + (1 − 𝑎𝑖,𝑗,𝑟,𝑒) ∙ 𝑀          (10a) 

𝑝𝑗,𝑒
2 ≥ 𝑝𝑖,𝑒

2 − 𝑝𝑖,𝑒 ∙ 𝜁 ∙
𝑙𝑖,𝑗

𝑑𝑟
∙ 𝜌𝑖,𝑒 ∙ (

𝑚𝑖,𝑗,𝑟,𝑒
1

4
∙𝜌𝑖,𝑒∙𝜋∙𝑑𝑟

2
)

2

− (1 − 𝑎𝑖,𝑗,𝑟,𝑒) ∙ 𝑀              (10b) 

𝑝𝑖,𝑒
2 ≤ 𝑝𝑗,𝑒

2 − 𝑝𝑗,𝑒 ∙ 𝜁 ∙
𝑙𝑗,𝑖

𝑑𝑟
∙ 𝜌𝑗,𝑒 ∙ (

𝑚𝑗,𝑖,𝑟,𝑒
1

4
∙𝜌𝑗,𝑒∙𝜋∙𝑑𝑟

2
)

2

+ (1 − 𝑏𝑖,𝑗,𝑟,𝑒) ∙ 𝑀  (10c) 

𝑝𝑖,𝑒
2 ≥ 𝑝𝑗,𝑒

2 − 𝑝𝑗,𝑒 ∙ 𝜁 ∙
𝑙𝑗,𝑖

𝑑𝑟
∙ 𝜌𝑗,𝑒 ∙ (

𝑚𝑗,𝑖,𝑟,𝑒
1

4
∙𝜌𝑗,𝑒∙𝜋∙𝑑𝑟

2
)

2

− (1 − 𝑏𝑖,𝑗,𝑟,𝑒) ∙ 𝑀 (10d) 

                                ∀𝑗 ∈ 𝐼rec, ∀𝑖 ∈ 𝐼send , ∀𝑟 ∈ 𝑅 | 𝑖send ≠ 𝑗rec, 𝑙𝑖send,𝑗rec
> 0    

 

To cast these expressions into linear form, they are linearized for each pipe diameter separately. 

Inserting Eq. (7) into Eq. (6), the pressure terms cancel in the second part of the right-hand side 

and the nonlinear terms can be separated into two new terms,  𝛾 =
𝑚𝑖,𝑗,𝑟,𝑒

2 ∙𝜁

𝑑𝑟
5   and the squared 

pressure term Π𝑖,𝑒 = 𝑝𝑖,𝑒
2  , yielding a new set of pressure equations to be linearized 

Π𝑗,𝑒 ≤ Π𝑖,𝑒 − 16 ∙ 𝑙𝑖,𝑗 ∙ 𝑅𝑔 ∙ 𝑇amb,𝑒 ∙
1

𝜋2∙�̅�
∙ 𝛾𝑖,𝑗,𝑟,𝑒 + (1 − 𝑎𝑖,𝑗,𝑟,𝑒) ∙ 𝑀 (11a) 

Π𝑗,𝑒 ≥ Π𝑖,𝑒 − 16 ∙ 𝑙𝑖,𝑗 ∙ 𝑅𝑔 ∙ 𝑇amb,𝑒 ∙
1

𝜋2∙�̅�
∙ 𝛾𝑖,𝑗,𝑟,𝑒 − (1 − 𝑎𝑖,𝑗,𝑟,𝑒) ∙ 𝑀 (11b) 

Π𝑖,𝑒 ≤ Π𝑗,𝑒 − 16 ∙ 𝑙𝑖,𝑗 ∙ 𝑅𝑔 ∙ 𝑇amb,𝑒 ∙
1

𝜋2∙�̅�
∙ 𝛾𝑗,𝑖,𝑟,𝑒 + (1 − 𝑏𝑖,𝑗,𝑟,𝑒) ∙ 𝑀  (11c) 

Π𝑖,𝑒 ≥ Π𝑗,𝑒 − 16 ∙ 𝑙𝑖,𝑗 ∙ 𝑅𝑔 ∙ 𝑇amb,𝑒 ∙
1

𝜋2∙�̅�
∙ 𝛾𝑗,𝑖,𝑟,𝑒 − (1 − 𝑏𝑖,𝑗,𝑟,𝑒) ∙ 𝑀 (11d) 

       ∀𝑗 ∈ 𝐼rec, ∀𝑖 ∈ 𝐼send , ∀𝑟 ∈ 𝑅 | 𝑖send ≠ 𝑗rec, 𝑙𝑖send,𝑗rec
> 0 

 

A slight reformulation of traditional piecewise linearization (see, e.g., [31]) was applied in order 

to address the specific features of the equation, in particular the changes of the flow directions. 

The piecewise linearization, described by Eq. (12a-g) below, approximates the nonlinear 

pressure-drop term by discretizing the function, using continuous variables 0 ≤ Λ𝑠 ≤ 1 

specifying the interpolation between the grid points. The parameters �̃�𝑠,𝑟 are the selected grid 

points of the mass flow rate for which the corresponding values of the nonlinear functions are 



�̃�𝑠,𝑟. Equation (12a) determines the interpolating variables and Eq. (12b) then gives the 

linearized function.   

𝑚𝑖,𝑗,𝑟,𝑒 = ∑ Λ𝑠,𝑖,𝑗,𝑟,𝑒 ∙ �̃�𝑠,𝑟
𝑜
𝑠=1   (12a) 

𝛾𝑖,𝑗,𝑟,𝑒 = ∑ Λ𝑠,𝑖,𝑗,𝑟,𝑒 ∙ �̃�𝑠,𝑟
𝑜
𝑠=1   (12b) 

The order of the linearization steps is described by the ordinal number s ensuring that the 

variable𝑠 Λs and the linearization segments be adjacent. To determine the right segment for the 

interpolation, binary variables 𝛼𝑠 ∈  {0,1} are applied, where 𝛼𝑠 = 1 if the value of the mass 

flow rate falls within the 𝑠th segment.  The interpolation variables are connected to the binary 

variables by the conditions 

Λ1,𝑖,𝑗,𝑟,𝑒 ≤  𝛼1,𝑖,𝑗,𝑟,𝑒  (12c) 

Λ𝑠,𝑖,𝑗,𝑟,𝑒 ≤  𝛼𝑠−1,𝑖,𝑗,𝑟,𝑒 + 𝛼𝑠,𝑖,𝑗,𝑟,𝑒  ;   𝑠 = 2, … , 𝑜 − 1   (12d) 

Λ𝑜,𝑖,𝑗,𝑟,𝑒 ≤  𝛼𝑜−1,𝑖,𝑗,𝑟,𝑒  (12e) 

The calculation of the pressure drop is naturally limited to pipes in which there is a flow in any 

of the two directions, so for non-existent pipes or pipes without a flow the variables Λ𝑠 and 𝛽𝑠 

are forced to be zero by  

∑ Λ𝑠,𝑖,𝑗,𝑟,𝑒
𝑜
𝑠=1 = 𝑎𝑖,𝑗,𝑟,𝑒 + 𝑏𝑗,𝑖,𝑟,𝑒 (12f) 

∑ 𝛼𝑠,𝑖,𝑗,𝑟,𝑒
𝑜−1
𝑠=1 = 𝑎𝑖,𝑗,𝑟,𝑒 + 𝑏𝑗,𝑖,𝑟,𝑒  (12g) 

The accuracy of the piecewise linear solution depends on the size of the segments, where 

smaller segments give a better approximation. However, the use of smaller segments also means 

a larger number of segments, which increases the number of binary variables in the optimization 

problem, so a compromise has to be made. 

The squared pressure term Π𝑖,𝑒 is linearized in a similar way as the pressure-drop term using 

the grid points Π̃𝑠 and the exact value of the linearized function at the grid points �̃�𝑠 to obtain 

the pressure. The pressure 𝑝𝑖,𝑒 is approximated by the continuous 𝜆𝑠,𝑖,𝑒 and binary 𝛽𝑠,𝑖,𝑒 

variables in  

Π𝑖,𝑒 = ∑ 𝜆𝑠,𝑖,𝑒 ∙ Π̃𝑠
𝑜
𝑠=1  (13a) 

𝑝𝑖,𝑒 = ∑ 𝜆𝑠,𝑖,𝑒 ∙ �̃�𝑠
𝑜
𝑠=1        (13b) 

∑ 𝜆𝑠,𝑖,𝑒
𝑜
𝑠=1 = 1  (13c) 

∑ 𝛽𝑠,𝑖,𝑒
𝑜−1
𝑠=1 = 1 (13d) 



𝜆1,𝑖,𝑒 ≤  𝛽𝑠,𝑖,𝑒  (13e) 

𝜆𝑠,𝑖,𝑒 ≤  𝛽𝑠−1,𝑖,𝑗,𝑟,𝑒 + 𝛽𝑠,𝑖,𝑗,𝑟,𝑒 ;    𝑠 = 2, … , 𝑜 − 1  (13f) 

𝜆𝑜,𝑖,𝑒 ≤  𝛽𝑜−1,𝑖,𝑗,𝑟,𝑒  (13g) 

The approximation errors are calculated as the root of the squared difference between the 

original nonlinear and the linearized function values. The maximum absolute error and root 

mean squared deviation (RMSD) for each of the two functions for models with 3, 4 and 5 

segments are reported in Table 1.  

2.3.2 Compression linearization 

As for the compressing stages, it is assumed that the gas leaving the compressors is cooled to 

the ambient temperature, 𝑇amb,𝑒. If the specific heat capacity, 𝑐𝑝, is constant, the temperature 

of the gas after an ideal compression is 

�̃�𝑖,𝑒   =    𝑇amb,𝑒 ∙ (
𝑝𝑗,𝑒

𝑝𝑖,𝑒
)

𝑅𝑔

𝑀 ̅̅̅̅ 𝑐𝑝
      ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗         (14) 

while the real temperature can be obtained after application of an adiabatic efficiency factor 


ad

 

𝑇𝑖,𝑒 = 𝑇amb,𝑒 +
�̃�𝑖,𝑒−𝑇amb,𝑒

ad

        ∀𝑖 ∈ 𝐼suc , ∀𝑒 ∈ 𝐸             (15)  

The power requirement of the compressor during time period e (of duration 𝑡𝑒) is finally given 

by  

𝑃comp,𝑖,𝑒 = 𝑡𝑒 𝑐𝑝 𝑚𝑖,𝑗,𝑒(𝑇𝑖,𝑒 − 𝑇amb,𝑒)       ∀𝑖 ∈ 𝐼suc , ∀𝑗 ∈ 𝐼dis , ∀𝑒 ∈ 𝐸         (16) 

As Eqs. (14) and (16) contain ratios and products of two continuous variables, the linearization 

becomes more complex since such bilinear terms are not separable and cannot be approximated 

by a common piecewise linearization. Martin et al. [12] suggested a triangulation of a rectangle 

for approximation of higher dimensional functions, which requires the introduction of binary 

variables. In the present model the pressure ratio was approximated by bilinear interpolation. 

The search space for the value of the bilinear function is divided by selecting grid points 

allowing for a rectangular segmentation of the surface as is illustrated in Fig. 4 by a 4 4 grid. 

 



Linear functions were fitted to the discretized data points of each segment (corner grid points 

and a center point) by least squares, where the selection of segment z is controlled by a binary 

variable kz.  

The value of the bilinear term defining the pressure ratio 𝑔 =  (
𝑝𝑗,𝑒

𝑝𝑖,𝑒
)

𝑅𝑔

𝑀 ̅̅̅̅ 𝑐𝑝 is approximated as 

𝜑𝑧,0 + 𝜑𝑧,1𝑝𝑖,𝑒 + 𝜑𝑧,2𝑝𝑗,𝑒 + 𝑀 ∙ (1 − 𝑘𝑧,𝑖,𝑗,𝑒) ≥ 𝑔𝑧,𝑖,𝑒 ≥  

    𝜑𝑧,0 +  𝜑𝑧,1𝑝𝑖,𝑒 +  𝜑𝑧,2𝑝𝑗,𝑒 − 𝑀 ∙ (1 − 𝑘𝑧,𝑖,𝑗,𝑒)     ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗   (17a) 

where 𝜑 are the parameters of the linearized model.  

𝑝𝑖,𝑧
high

+ 𝑀 ∙ (1 − 𝑘𝑧,𝑖,𝑒) ≥ 𝑝𝑖,𝑒 ≥ 𝑝𝑖,𝑧
low − 𝑀 ∙ (1 − 𝑘𝑧,𝑖,𝑒)       ∀𝑖 ∈ 𝐼suc, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗 (17b) 

𝑝𝑗,𝑧
high

+ 𝑀 ∙ (1 − 𝑘𝑧,𝑗,𝑒) ≥ 𝑝𝑗,𝑒 ≥ 𝑝𝑗,𝑧
low − 𝑀 ∙ (1 − 𝑘𝑧,𝑗,𝑒)       ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗 (17c) 

Only one segment is selected at a time to define the approximated value so 

∑ 𝑘𝑧,𝑖,𝑗,𝑒 = 1 𝑧          ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗 (17d) 

 

The temperature after ideal compression is thus approximated using 𝑔𝑧,𝑖,𝑗,𝑒 in 

�̃�𝑖,𝑒   =    𝑇amb,𝑒 ∙ 𝑔𝑧,𝑖,𝑒             ∀𝑖 ∈ 𝐼suc, ∀𝑒 ∈ 𝐸  (18) 

The bilinear term ℎ = 𝑚𝑖,𝑗,𝑒 ∙ 𝑇𝑖,𝑒 in Eq. (16) expressing the energy requirement of compression 

is approximated in a similar way as in Eq. (17) 

  𝜓𝑧,0 + 𝜓𝑧,1𝑚𝑖,𝑗,𝑒 +  𝜓𝑧,2𝑇𝑖,𝑒 + 𝑀 ∙ (1 − 𝑛𝑧,𝑖,𝑗,𝑒) ≥ ℎ𝑧,𝑖,𝑒 ≥ 

     𝜓𝑧,0 + 𝜓𝑧,1𝑚𝑖,𝑗,𝑒 +  𝜓𝑧,2𝑇𝑖,𝑒 − 𝑀 ∙ (1 − 𝑛𝑧,𝑖,𝑗,𝑒)     ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠  𝑗 (19a) 

The mass flow through the compressor 𝑚𝑖,𝑗,𝑒 and real temperature after the compression 𝑇𝑖,𝑒 are 

confined in an active segment by  

𝑇𝑖,𝑧
high

+ 𝑀 ∙ (1 − 𝑛𝑧,𝑖,𝑒) ≥ 𝑇𝑖,𝑒 ≥ 𝑇𝑖,𝑧
low − 𝑀 ∙ (1 − 𝑛𝑧,𝑖,𝑒)   (19b) 

𝑚𝑖,𝑗,𝑒,𝑧
high

+ 𝑀 ∙ (1 − 𝑛𝑧,𝑗,𝑒) ≥ 𝑚𝑖,𝑗,𝑒,𝑧 ≥ 𝑚𝑖,𝑗,𝑒,𝑧
low − 𝑀 ∙ (1 − 𝑛𝑧,𝑗,𝑒)  (19c) 

                                                         ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗   

where only one segment is active at a time. This is guaranteed by 

∑ 𝑛𝑧,𝑖,𝑗,𝑒 = 1 𝑧      ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗  (19d) 



The arising approximation of the nonlinear function 𝑔 using a model with 4  4 segments is 

illustrated together with the nonlinear function in Fig. 5. The approximation is seen to provide 

a quite accurate description of the product in question, but in the corner points of the segments 

the errors are somewhat higher. A similar illustration of the approximation of ℎ is provided in 

Fig. 6, which also shows the high accuracy of the linearized model.  

Finally, he resulting power requirement of compression is obtained as 

𝑃comp,𝑖,𝑒 = 𝑡𝑒 𝑐𝑝 (ℎ𝑧,𝑖,𝑒 − 𝑇amb,𝑒𝑚𝑖,𝑗,𝑒)        ∀𝑖 ∈ 𝐼suc, ∀𝑗 ∈ 𝐼dis, ∀𝑒 ∈ 𝐸 | 𝑖 ≠ 𝑗                         (20)        

 

2.4 Objective function 

The objective function includes the fuel cost  

𝐶fuel,𝑒 = 𝐶NG,𝑒 + 𝐶alt,𝑒      ∀𝑒 ∈ 𝐸 (21)   

with the cost of natural gas given as 𝐶NG,𝑒 =  ∑  𝑆𝑖,𝑒
 NG𝑣NG

𝑖∈𝐼 , and the cost of the alternative fuel 

as 𝐶alt,𝑒 =  ∑ 𝑚𝑖,𝑒
alt𝑣alt

𝑖∈𝐼 . The mass flows of the NG and of the alternative fuel are obtained 

through the mass balance (Eq. (3)) and energy balance equations (Eq. (5)). The pressure 

equations together with the structural network constraints give the mass flows within the 

network. The compression of the NG to a pressure level that is suitable for the transportation 

of the gas along the pipeline and required by the customers in the demand nodes contributes to 

the operation costs of the pipeline. The cost of compression is 𝐶comp,𝑖,𝑒 = 𝑃comp,𝑖,𝑒𝑣pow. 

The structural changes in the network are included in the network optimization as investment 

in the new pipe connections. The cost of pipe investment is introduced as an annual cost, 

discounted over K years with the interest rate u, yielding 

𝐶pipe =  ∑ ∑ ∑ 𝑙𝑖,𝑗𝑣𝑟 𝑦𝑖,𝑗,𝑟𝑟∈𝑅𝑗∈𝐼𝑖∈𝐼 (1 + 𝑢)−𝐾⁄   | 𝑖 ≠ 𝑗  (22) 

The total cost is finally used in the overall optimization problem 

min{𝐶tot = 𝐶pipe + ∑ (𝐶fuel,𝑒 + ∑ 𝐶comp,𝑖,𝑒𝑖∈𝐼suc
)𝑒∈𝐸 }   (23) 

 

2.5 Numerical solution 

The consequences of the linearization of the nonlinear problem on the results are demonstrated 

by comparing the results the MILP and MINLP models for a test case inspired by the problem 



studied in [25]. The MILP problem was solved with AIMMS [32] which implements the Gurobi 

6.4 solver. AIMMS supports a graphical representation of the nodes and connections included 

in the network, thus facilitating the understanding of the optimization results considering the 

structural changes. The non-convex MINLP problem was solved by AIMMS outer 

approximation algorithm (AOA) which, however, cannot ensure a global optimality [26]. AOA 

employs the CPLEX 12.6 solver for the MIP sub-problem and the MINOS solver for the NLP 

sub-problem.  

2. 3. Case study  

3.1 Description of the gas network 

The nonlinear and linearized models developed in Section 2 were first used to study the 

influence of the number of linearization points on the optimal objective function and on the cost 

of compression. After choosing a suitable linearization, the linearized model was applied to 

study the gas distribution in the Finnish pipeline. The multi-period problem solves the mass 

flow rates, pressures, compression ratios together with options of future pipeline extensions and 

gas supply. The studied cases are based on information from the existing natural gas 

transmission pipeline in Finland and about its operation [33,34]. Natural gas is supplied to 

Finland through a pipe from Russian Federation. The transmission pipeline distributing the gas 

along the southern coast mainly to heat and power producers consists of roughly 1300 km of 

high-pressure pipes. The pipeline design pressure is 3,000 kPa ≤ 𝑝 ≤ 5,400 kPa. The pressure 

level ensures reliable gas transport and correct operation of the pipeline. Three compressor 

stations with a total of nine compressor units located along the pipeline maintain the required 

pressure level. Suction and discharge nodes are treated as individual components in the model, 

as this arrangement allows for a better representation of the pressure changes within a 

compressor unit. Areas with a large expected demand or potential new supply points are 

included as nodes in the study. All the known demands must be satisfied: in case a demand 

cannot be covered by natural gas supply to a node, e.g., due lack of connection, capacity limits, 

or on financial grounds, the natural gas is complemented or completely substituted by an 

alternative fuel. The year was divided into three operational periods, representing the seasonal 

fluctuation in the demand and temperature conditions as reported in Table 2. 

3.2 Linearization 

An existing pipeline with nodes connected by pipes, as depicted in Fig. 7, was considered in 

the study of the linearization. The price of the natural gas supplied to Finland from Russian 



Federation was taken to be 𝑣NG = 20 €/MWh and the power cost was 𝑣pow = 67 €/MWh. 

No parallel pipes and no new extensions were permitted. The demands were estimated from 

public reports and were distributed along the nodes in such a way, that a single pipe of diameter 

0.7 m could deliver even the maximum amount during the coldest period.  

In this way, the objective function constituted mainly of the fuel and compression costs, where 

the latter term is mainly affected by the linearization. Optimization was performed at different 

demand scenarios, expressed as 20%, 40%, 60%, 80% and 100% of the maximum demand. 

Table 3 reports the position of the nodes included in the study together with the corresponding 

maximum energy demands D, which vary with the season. The economic objective (Eq. (23)) 

was calculated for an estimated project time of 𝐾 = 30 years and an interest rate of 𝑢 = 0.05. 

The higher heating value of the alternative fuel was Halt = 42 MJ/kg, which is clearly lower than 

the corresponding value of natural gas, HNG = 50 MJ/kg.  

The system comprising of 15 nodes was linearized with the help of Eqs. (11-13), (17) and (19). 

The number of segments in the two-dimensional piecewise linearization, Eqs. (11-13), and in 

the bilinear linearization, Eqs. (17) and (19), and the resulting number of variables in this 

problem are reported in Table 4. For example, in the 3 3 case, three segments were used for 

the piecewise linearization and 32 segments for the bilinear terms. The linearization is seen to 

dramatically increase the number of variables and constraints. The large number of variables 

and constraints is a consequence of the substitution of the nonlinear constraints with multiple 

functions linearizing the problem: adding a single segment increases the number of the variables 

and of the constraints by approximately 7,000 in the 5  5 case. 

The objective function at the optimum for the three linearized cases (𝐶MILP
tot ) together with the 

corresponding values for the MINLP model (𝐶MINLP
tot ) were compared. The relative difference 

between these values was expressed as 

𝐶 =  
𝐶MILP

tot −𝐶MINLP
tot

𝐶MINLP
tot                 (24) 

and depicted in Fig. 8. The errors are seen to never exceed 1% for the 4 4 and 5 5 cases. In 

analysing the results, it should be noted that the selection of the grid points has an influence on 

the optimization result. In the present case the grid points were equidistant, but another choice 

of grid points may give slightly different results, especially in regions of the functions with a 

larger slope. 



3.3 Sensitivity Study 

The MILP model developed in the previous sections was applied to optimize the Finnish natural 

gas pipeline network considering some possible future extensions of it. The location of the 17 

nodes, including the nine compressor nodes (suction and discharge) and the potential two new 

demand nodes are reported in Table 6 together with their corresponding energy demand and 

maximum supply. Regasification was considered as an option at an LNG terminal (in Pori, 

Node 17) and extension of the pipeline further east (to Pori and/or Turku, node 16) was also 

possible. Figure 9 depicts schematically the system studied with existing and potential 

connections. Due to the small size of the LNG terminal, the maximum injection rate of gasified 

LNG into the network was 𝑆17
LNG,max = 20 kg/s, which is considerably lower than the 

maximum supply of natural gas from Russian Federation (𝑆1
NG,max = 200

kg

s
). The price of the 

Russian natural gas and power were the same as in the study of subsection 3.2.  

The pipe sizes and costs are reported in Table 5. The maximum number of parallel pipes was 

two; because of this, two types for each pipe diameter were included among the options. The 

longest allowable pipe connection was  𝑙max = 170 km. Based on the quality of the linearized 

model, five segments were considered to give a very accurate linearization.  

The system studied results in an MILP optimization problem with about 94,000 variables, 

including about 43,000 binary variables and 115,000 constraints. This can be compared to the 

corresponding nonlinear MINLP problem, which has roughly as many variables but fewer 

(about 38,000) binary variables and constraints (about 97,000, half of them being nonlinear). 

The solution gives the pressures in the nodes, compression ratios, mass flow rates and the flow 

directions, and, additionally, new pipeline connections and the flow rates of regasified LNG 

from the terminal.  

The influence of the fuel prices on the optimal network structure is illustrated by 49 cases, in 

which the alternative fuel price and LNG price were varied. The former was varied from 11 

€/MWh to 29 €/MWh, and the latter from 9 €/MWh to 33 €/MWh, with steps of 3 €/MWh. The 

results of the MILP optimization are presented graphically in Fig. 10, where each solution is 

depicted as a circle with a colour indicating the configuration of the optimal network. A black 

dot in the middle of the circle indicates a supply of regasified LNG from the terminal in node 

17. The corresponding values of the objective function (Eq. (23)), consisting of the pipe 



investment cost, fuel cost and the cost of the compression on a yearly basis, are depicted in Fig. 

11. 

The graph illustrates the decisive role of the alternative fuel on energy supply chain cost, which 

increases sharply with the increase of the price of alternative fuel. Along with this increase, the 

network transports larger quantities of natural gas. The influence of the LNG price is seen as a 

(less extensive) cost decrease, mainly as the LNG price decreases below the price of natural 

gas. The influence of the price on the optimal network configuration and energy supply to the 

consumers can presented by selecting some illustrative cases. The results of the selected 

scenarios are summarized in Table 7, while Figs. 12 and 13 present the corresponding networks. 

Logically, the construction of pipeline extensions connecting the new demand and supply nodes 

(16 and 17) with the existing pipeline is not economically viable if the price of the alternative 

fuel is lower than the price of regasified LNG, as illustrated by the blue circles under the 

diagonal in Fig. 10. For these solutions, the existing pipeline supplies a substantial amount of 

NG to cover the demand, while the remaining demand is covered by alternative fuel. The high 

price of LNG even prevents the supply of regasified LNG in node 17 to cover the local demand. 

In case the alternative fuel price is lower than the NG price, as in the (11, 9) case, a large amount 

or even the whole supply of NG is substituted by alternative fuel. The latter occurs in the right 

part of Fig. 10, where the cost of the gas network is zero. For the case with partial supply of 

NG, the supply of alternative fuel is higher during the cold season, as this fuel has no associated 

cost of compression. The connections and the alternative fuel consumption for the (11, 9) case 

are illustrated by Fig. 12, where the existing pipe corresponds to red arches,  blue squares 

symbolize the compressor station, while black straight lines represent the potential (but not 

realized) connections. 

 

The local supply of LNG however becomes feasible as the price of alternative fuel becomes 

comparable with the price of LNG, above the diagonal in the middle section of Fig. 10 (blue 

dotted circles). For the cases in Fig. 10 depicted as red circles above the diagonal, a new 

connection between node 15 and 17 is feasible as the LNG price is considerably lower than the 

price of alternative fuel and NG. The new pipeline extension connects the LNG terminal in 

node 17 with the main pipeline as illustrated in Fig. 13a. 

 

 



After first covering the local demand, the LNG terminal supplies the regasified gas further along 

the network. With the increased mass flow through the pipe also the pressure requirements 

increase, giving rise to higher compression cost. During the winter (𝑒 = 1) the compression 

cost is higher, as is seen in the insert of Fig. 13a.  For the (11,29) case, the new network 

extension is realized as a pipe of diameter 0.5 m and length of 104 km. The higher price of the 

alternative fuel makes the use of the new pipeline more beneficial and the alternative fuel supply 

is lower due to the LNG supply. Still, the alternative fuel contributes considerably to the fuel 

supply during the cold period when the energy demand is high. 

The grey circles in the top middle of Fig. 10 correspond to the case where the LNG terminal 

(node 17) is connected to a new node (16) by a 117 km long pipeline. For these points, the price 

of alternative fuel is substantially high, but the price of NG is not much different from the price 

of LNG. The system uses alternative fuel only to cover the demand that cannot be supplied by 

NG or LNG due to pipeline and regasification restrictions. In the case (17,33) (cf. Table 7), the 

diameter of the pipe between nodes 16 and 17 is 0.5 m, i.e., is relatively small but still sufficient 

to supply the regasified LNG. The increased NG gas demand puts higher requirements on the 

existent pipeline network. Therefore, a new parallel pipe of diameter 0.5 m, enforcing the 

present 52 km connection between nodes 13 and 14, is incorporated (Fig. 13b). This new 

connection increases the investment cost, but decreases the compression demand and cost. 

Finally, the connections of type 4, depicted as orange circles in Fig. 10, represent the connection 

of node 17 to the existing pipeline and a further connection to node 16. These connections 

become feasible at the highest alternative fuel price scenarios. Here, node 17 provides a larger 

flow of regasified LNG to node 16 and smaller amount to the main pipeline through node 15. 

Scenario (29, 33) represents a situation where a pipe of diameter 0.5 m and a total length of 221 

km connects nodes 15-17-16 as illustrated in Fig. 13c. Also, the existing connection between 

nodes 13 and 14 is supplemented by a parallel pipe. This, together with the LNG use serves to 

decrease the compression cost. Still, as in all of the cases, the cost of the new connections and 

the compression costs increase the overall yearly cost. 

3.4 Analysis of the Results 

Even though the system studied was strongly simplified, only considering the main demand 

clusters and three time periods representing the seasons, the optimal solutions determined by 

the MILP model demonstrate the complexity of designing an appropriate gas supply network 

under different scenarios of the price of the available fuel mix. Part of the complexity is caused 



by the demand fluctuations caused by seasonal variations, which influence the transported gas 

volumes and the need for compression of the supplied gas. In all of the cases studied where the 

NG price is on the same level as those of LNG and the alternative fuel, a substantial amount of 

NG is supplied from Russian Federation to the customers. This dependency on a single fuel 

supplier could be relaxed by the incorporation of new gas supplies, e.g., biogas or synthetic 

natural gas (SNG) along the pipeline. 

 

4. Conclusions 

A steady-state model of a gas distribution network has been linearized to realize an efficient 

optimization of the network under different conditions. The resulting multi-period MILP 

problem minimizes an economic objective consisting of the costs of new pipeline extensions, 

supplied fuel and gas compression. Comparison with results of a nonlinear MINLP formulation 

has demonstrated the accuracy of the linearized model. A set of cases has been used to illustrate 

the model, which was found to be a robust and flexible tool for the optimization of gas supply. 

The model includes decisions about the type and quantity of fuel satisfying the energy demand 

along the pipeline and determines whether it is feasible or not to inject gas into the pipeline in 

new supply locations. As the flow of the gas in the pipe is governed by the pressure drop and 

constrained by technical limitations, such as the maximum pressure in the pipe or the suction 

and discharge pressures in the compressors, the pressure and mass flow limits can be easily 

identified (cf. Fig. 3). The model furthermore considers whether new users should be connected 

to the pipeline through extensions of the existing pipeline network.  

 

The versatility of the model was illustrated in a sensitivity analysis of prospective changes in 

the Finnish natural gas network, including future possible extensions of the pipeline to new 

customers as well as a connection to a potential LNG regasification site. A multi-period 

formulation was applied to consider the seasonal effects on the energy demand. The energy 

demand of all customers along the pipeline was taken to be satisfied by natural gas, LNG or by 

an alternative fuel, and the influence of the price of these fuels on the optimal network 

configuration was investigated. The results of the study indicated the intricate role of the fuel 

price on the optimal network structure and fuel supplied to the customers. 

The linearized model provides a rigorous and robust solution to the complex gas transportation 

problem, still preserving the important aspects and features of the nonlinear MINLP model [25]. 

Unlike models using meta-heuristics, the present model is guaranteed to find the solution 



corresponding to the lowest cost and is thus repeatable. This is an important aspect in sensitivity 

analyses, where numerous cases are studied, and premature interruption or lack of convergence 

may give rise to erroneous conclusions concerning the optimal energy supply. The linearization 

of the nonlinear functions in this model, also containing bilinear terms, is done with a good 

accuracy. 

The highly functional MILP model developed and presented in this study can be considered an 

efficient tool for analysing future scenarios, where the energy exhibits large changes with 

respect to availability and costs. The model can be easily adapted to new regions and to 

incorporation of other optional energy sources. This flexibility makes the model applicable to 

the analysis of energy markets. The model can also be used to study specific situations, such as 

the influence of supply interruptions or restrictions on the gas distribution. The present 

formulation applies an economic objective of the optimization, but the model can easily be 

reformulated to consider other objectives, characterizing, e.g., primary energy use, CO2 

emissions, or overall environmental impact.  
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Nomenclature   

Binary Variables Sets 

a existence variable (flow direction) I nodes i, j ∊ I 

b existence variable (flow direction) E period e ∊ E 

k segment controlling variable R pipe diameter type r ∊ R 

n segment controlling variable    

y variable for existing pipe connections  Superscripts 

α interpolation binary variable alt alternative fuel 

β interpolation binary variable high higher limit 

  lower limit 

Continuous variables 
 

LNG liquefied natural gas 

g bilinear term, - max maximum value 

h bilinear term, kg/s·K NG natural gas 

m mass flow rate, kg/s pow power 

O outflow of natural gas, kg/s tot total 

p pressure, kPa   

S supply of natural gas, kg/s Subscripts  

T temperature, K ad adiabatic 

�̃� temperature after ideal compression, K alt alternative fuel 

λ continuous interpolation variable amb ambient 

Λ continuous interpolation variable comp compressor 

Π squared pressure squared, kPa2 dis compressor discharge side 

 fuel fuel used 

Parameters   i node 

cp specific heat capacity, kJ/(kg·K) j node 

C cost, €  LNG liquefied natural gas 

d pipe diameter, m  NG natural gas 

D energy demand at node, MW pipe pipe investment 

e period r pipe type 

H heating value, MJ/kg  rec receiving node 

K life length of investment, a  s interpolation step 

l pipe length, m  send sending node 

M large positive constant (“big M”), - suc compressor suction side 

�̅� average molar mass of natural gas, kg/kmol sup supply node 

�̃�𝑠,𝑟 grid points for the mass flow z segment 

�̃�𝑠 grid points of the pressure function   

Rg universal gas constant, J/(mol·K) Greek  

t duration of a period, d η efficiency factor, - 

u interest rate, -  density, kg/m3 

ν unit cost, €/kWh or €/m  friction factor, - 

�̃�𝑠,𝑟 grid points of the nonlinear function ε pipe roughness, m 

�̃�𝑠 grid pints of the squared pressure μ dynamic viscosity, (N·s)/m2 

  φ parameters of linearized model 

  ψ parameters of linearized model 
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Figures 

 

Fig. 1 Domestic consumption of natural gas in EU 28 in TJ (GCV), adapted from [3] 

 

   

Fig. 2 Schematic of network with nodes (i = 1,...,6), sources Si, outputs Oi and compressors. 
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Fig. 3 Output pressure (kPa) for different mass flow rates and input pressures in a 100 km long 

pipe of diameter a) 0.5 m, and b) 0.8 m.  

 

 

Fig. 4 Bilinear interpolation on 4  4 segments (left), exemplified by the mass flow rate and 

temperature for one segment (right) 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

Fig. 5 Bilinear term g depicted a) in original form, and b) as a bilinear approximation using four 

segments for each variable. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Bilinear term h depicted a) in original form, and b) as a bilinear approximation using four 

segments for each variable. 

 

 

 

 

 



 

Fig. 7 Existing network structure used in the analysis of the linearization. 

 

 

Fig. 8 Relative difference in the value of the objective function of the linearized and original 

models in the optimal solution (Eq. (23)).  
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Fig. 9 Connection scheme of nodes, compressors and potential connections 

 

 

 

Fig. 10 Optimal network configurations for the 49 scenarios with different price of alternative 

fuel and LNG. Circle colors indicate the connection type (see legend and Fig. 9) and injection 

of regasified LNG in node 17 is indicated by a black dot in the center of the circles. 
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Fig. 11 Total annual cost versus price of alternative fuel and LNG in the optimal solutions. 

 

 

 

 

Fig. 12 Optimal network structure corresponding to case (11,9), i.e., blue circles in Fig. 10. 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13 Optimal network structure  and results  for a) case (11,29),  b) case (17,33), and c) case 

(29,33). Optimal supply, compression ratio and cost of compression are reported for each of 

three time periods in the inserts of the figures. 

 

 

a) 

c) 



Tables 
 

Table 1 Maximum absolute error and RMSD in the approximation by piecewise linearized 

functions 

Function Error Number of segments 
  3 4 5 

Eq. (12a-g) Maximum [kg2 m-5 s-2] 63.5  28.7 16.4 
 RMSD [kg2 m-5 s-2] 31.4 14.0 63.0 
     

Eq. (13a-g) Maximum [kPa] 58.7 27.85 16.4 
 RMSD [kPa] 37.5 16.82 9.5 

 

 

 

Table 2 Average ambient temperature and duration of the three time periods considered. 

e 𝑇amb,𝑒 [°C] 𝑡𝑒 [d] 

1 (winter) -1.4 121 

2 (sping & autumn) 15.3 122 

3 (summer) 17.4 122 

 

 

Table 3 Position of nodes, maximum energy demand, D, during the three periods and maximum 

natural gas supply rate, S. Nodes denoted by C are compressors. 

    𝐷𝑖,𝑒 [MW] 𝑆𝑖
NG,max

  

   e [kg/s] 

 Node Lat Long 1 2 3  Node 

1 61.12 28.84 0 0 0 200 

C1 61.11 28.80 0 0 0 0 

4 61.17 28.77 62.9 51.5 18.1 0 

5 60.87 26.69 125.9 102.9 36.1 0 

6 60.47 26.94 62.9 51.5 18.1 0 

C2 60.84 26.75 0 0 0 0 

9 60.8 25.73 62.9 51.5 18.1 0 

10 60.98 25.65 125.9 102.9 36.1 0 

11 60.64 25.32 62.9 51.5 18.1 0 

C3 60.63 25.2 0 0 0 0 

14 60.17 24.94 2501.2 2052.4 789.6 0 

15 61.5 23.77 895.1 595.3 201.5 0 

 



Table 4 Number of constraints and variables for different linearizations in the MILP model. 

The corresponding numbers for the nonlinear (MINLP) formulation are also reported. 

 

Name Constraints Variables Binary variables  

3  3 81,323 66,723 32,670 

4  4 82,709 67,416 33,048 

5  5 89,576 73,392 33,534 

Nonlinear 2,336 1,625 7,833 

 

 

Table 5 Pipe size type r, diameter d and unit cost 𝑣𝑟 

r d [m] 𝑣𝑟[€/m] 

I, II 0.5 571.4 

III,IV 0.6 685.7 

V, VI 0.7 800.0 

VII, VII 0.8 914.3 

 

Table 6  Position of nodes, maximum energy demand during the periods and maximum supply 

    𝐷𝑖,𝑒 [MW] 𝑆𝑖
NG,max

  𝑆𝑖
LNG,max  

  
   e [kg/s] [kg/s] 

 Node Lat Long 1 2 3   

1 61.12 28.84 0 0 0 200 0 

C1 61.11 28.80 0 0 0 0 0 

4 61.17 28.77 179.4 146.7 51.4 0 0 

5 60.87 26.69 358.9 293.4 102.8 0 0 

6 60.47 26.94 179.4 146.7 51.4 0 0 

C2 60.84 26.75 0 0 0 0 0 

9 60.8 25.73 179.4 146.7 51.4 0 0 

10 60.98 25.65 358.9 293.4 102.8 0 0 

11 60.64 25.32 179.4 146.7 51.4 0 0 

C3 60.63 25.2 0 0 0 0 0 

14 60.17 24.94 7128.8 5849.4 2250.4 0 0 

15 61.5 23.77 2551 1696.7 574.4 0 0 

16 60.45 22.16 439.1 352.6 125.8 0 0 

17 61.48 21.79 585.4 470.1 167.7 0 20 

 

 



Table 7 Results of selected scenarios: cost break-down and new pipeline extensions. The first 

column refers to the price of LNG and alternative fuel (cf. Fig. 10). 

 

 Objective 

 value 
NG 

Re-gasified 

 LNG 

Alternative 

 fuel 

Compres- 

sion 

Discounted 

pipe 

New 

 connections 
 

Case [M€] [M€] [M€] [M€] [M€] [M€] (i,j,r)  

(11, 9) 663.6 0.0 0.0 663.6 0.0 0.0   

(11, 29) 1,531.8 1,205.8 96.4 137.3 65.0 27.3 (17,15,II) 

(17, 33) 1,591.6 1,285.2 105.2 110.1 62.0 29.0 (16,17,I), (13,14,I) 

(29, 33) 1,647.4 1,350.5 84.9 110.1 59.1 42.8 (16,17,I), (13,14,I), (15,17,I) 

 


